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Abstract 



Oh 

We prove that homotopy invariants of finite degree distinguish homotopy 



classes of maps of a connected compact CW-complex to a nilpotent con- 
nected CW-complex with finitely generated homotopy groups. 

§ 1. Introduction 

N = {0, 1, . . . }. Space means "pointed topological space". CW- complexes are 
also pointed (the basepoint being a vertex). Map means "basepoint preserving 
continuous map". Homotopies, the notation [X, Y} 7 etc. are to be understood 
in the pointed sense. 

Invariants of finite degree. Let X and Y be spaces, V be an abelian group, 
and / : [X, Y] — > V be a function (a homotopy invariant). Let us define a number 
Deg/ G N U {oo}, the degree of /. Given a map a: X — > Y and a number 
r E N , we have the map a r : X r — > Y r (the Cartesian power) , which induces the 
homomorphism Co(a r ): Cq(X t ) — > Co(Y r ) between the groups of (unreduced) 
zero-dimensional chains with the coefficients in Z. Let the inequality Deg / r 
be equivalent to the existence of a homomorphism I : Hom(Co(A r ), Co(Y r )) — > 
V such that /([a]) = l(C (a r )) for all maps a: X — > Y. As one easily sees, 
Deg / is well defined by this condition. Finite-degree invariants are those of 
finite degree. 

Main results. 

1.1. Theorem. Let X be a connected compact CW-complex, Y be a nilpotent 
connected CW-complex with finitely generated homotopy groups, and U\,U2 G 
[X, Y] be distinct classes. Then, for some prime p, there exists a finite-degree 
invariant f: [X, Y] —> Z p such that f(u\) ^ f{u2)- 

Related facts were known for certain cases where [X, Y] is an abelian group 
[10, 11]. Theorem 1.1 follows (see § 11) from a result of Bousfield-Kan and 
Theorem 1.2. 

We call a group p-finite (for a prime p) if it is finite and its order is a power 
of p. 



1.2. Theorem. Let p be a prime, X be a compact CW-complex, and Y be a 
connected CW-complex with p-finite homotopy groups. Then every invariant 
f : [X, Y] — > Z p has finite degree. 
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Probably, Theorem 1.2 can be deduced from Shipley's convergence theorem 
[12], which we do not use. We use an (approximate) simplicial model of Y that 
admits a harmonic (see § 6) embedding in a simplicial Z p -module. 

Non-nil-potent examples. The following examples show the importance of 
the nilpotency assumption in Theorem 1.1. We consider finite-degree invariants 
onn n (Y) = [S n ,Y]. 

1.3. Let Y be a space with ni(Y) perfect. Then, for any abelian group V , any 
finite- degree invariant f : 7Ti(F) — > V is constant. 

This follows from Lemmas 12.2 and 3.6. □ 

1.4. Take n > 1. Let Y be a space such that ir n (Y) = Z 2 and an element 
g G Ki(Y) induces an order 6 automorphism on ■n n {Y). Then, for any abelian 
group V, any finite- degree invariant f : n n (Y) — > V is constant. 

This follows from Lemmas 12.2 and 12.3 and claim 3.7. □ 

An example: maps S'" -1 X S n — > (cf. [1, Example 4.6]). Take an 

even n > 0. Let c: S 1 " -1 x S n -> be a map of degree 1. Put i = 

[id] G n n (S n ), j — i * i G 7r 2 „-i(S'") (the Whitehead square), and u(q) = 
(qj) o [c] G [S" 1 - 1 x S n ,S n ], q G Z. Let I: S n be the rationalization. Put 

u(<7) = [l]ou(q] G [S 1 " -1 x S" 1 , Sq\. The classes u(g), g G Z, are pairwise distinct; 
moreover, the classes u(g), g G Z, are pairwise distinct (the proof is omitted). 

Is it true that, under the assumptions of Theorem 1.1, there must exist an 
r G N such that the elements of [X, Y] are distinguished by invariants of degree 
at most r? No, as the following claim shows. 

1.5. Let V be an abelian group and f : [S n ^ 1 x S n ,S n ] — > V be an invariant of 
degree at most r£ N. Then f(u(q)) — f(u(0)) whenever r! | q. 

The following claim shows the importance of the assumption of Theorem 1.1 
that Y has finitely generated homotopy groups. 

1.6. Let V be an abelian group and f : [S 1 ™ -1 x S^Sq] — ^ V be an invariant of 
finite degree. Then f(u(q)) = f(u(0)), q G Z. 

The following claim shows that, under the assumptions of Theorem 1.1, 
finite-degree invariants taking values in Q may not distinguish rationally distinct 
homotopy classes. 

1.7. Lot f : [S n ~ 1 xS n , S n ] — > Q be an invariant of finite degree. Then f(u(q)) = 
/(u(0)), q G Z. 

Elusive elements of Hq(Y x ) . The space of maps X —> Y is denoted Y x . An 
invariant /: [X, Y] — > V gives rise to the homomorphism + /: Ho(Y x ) — > V, 
\u\ i y f(u) (here \u\ denotes the basic element corresponding to u). Is it 
true that, under the assumptions of Theorem 1.1, for any non-zero element w G 
H (Y X ) there exist an abelian group V and a finite-degree invariant / : [X, Y] 
V such that + f(w) ^ 0? No, as the following claim shows. 
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1.8. Take n > 1. Let Y be a space and u\,U2 G Tr n (Y) be elements of coprime 
finite orders. Put w = \u\ + M2J — [u\\ — [112] + [OJ ■ Let V be an abelian group 
and f: ir n (Y) — > V be an invariant of finite degree. Then + f(w) = 0. 

This follows from Lemmas 12.2 and 3.8. □ 

If the group n n (Y) is torsion and divisible, then the same is true for any 
elements U\,U2 G 7r„(F) (this follows from Lemmas 12.2 and 3.9). In this case, 
7r„(F) cannot be finitely generated (without being zero). In return, Y can be 
p-local, e. g. Y = tC(P,n) (the Eilcnberg-MacLane space) for P = Z[l/p]/Z. 

§ 2. Preliminaries 

We say crew for "pointed set" and archism for "basepoint preserving function" . 
We use the standard model structure on the category of simplicial crews (and 
archisms) [7, Corollary 3.6.6]. The words fibration, cofibration, etc. refer to it. A 
fibring simplicial archism is a fibration. An isotypical simplicial archism, or an 
isotypy, is a weak equivalence. Isotypic simplicial crews are weakly equivalent 
ones. 

An abelian group is a crew (the basepoint being 0); a simplicial abelian 
group is a simplicial crew. 

We call a simplicial crew T compact if it is generated by a finite number of 
simplices, and gradual if the crews T g , ?6N, are finite. 

For simplicial crews K and T, we have a simplicial crew T K , the function 
object (denoted horn, (K,T) in [2, Ch. VIII, 4.8]). A simplicial archism /: K -> 
L induces a simplicial archism : T L — > T K , etc. We use this notation in the 
topological case as well. 

The sign ~ denotes the homotopy relation; the sign ~ denotes the homotopy 
cqi valence of spaces. 

Main homomorphisms . By default, chains and homology have coefficients 
in a commutative ring 1Z; Horn = Hom^. (In § 1, we had 71 = 7. implicitly.) 
For spaces X and Y, define 7^-homomorphisms 

$li r : C (Y X ) -> Rom(C (X r ),C (Y r )), [a\ ^ C (a r ), 

r e N. We have the projection 7?.-homomorphism 

$v: C (Y X ) -> H (Y X ). 

For simplicial crews K and T, define 1Z- homomorphisms 

V: C (T K ) Eom (C4K r ),C4T r )), [b\ ^ C»{V), 

r G N. Here \b\ is the basic chain corresponding to a simplex b G (T K )o, 
i. e. a simplicial archism b: K — > T; b r : K r — > T r is the Cartesian power; 
C* {¥) : C* (K r ) — > C* (T r ) is the induced 7?.-homomorphism of graded 7?.-modules 
of chains; Homo denotes the 1Z- module of grading-preserving 1Z- homomorphisms. 
We have the projection 7?.-homomorphism 

K T v: C (T K ) -> H (T K ). 
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§ 3. Group algebras and gentle functions 

Let 72. [GJ denote the group 1Z- algebra of a group G. An element g G G has the 
corresponding basic element [g\ G TZ[G\. The augmentation ideal ] 72. [CJ C 
TZ[G\ is the kernel of the 72-homomorphism 1Z [G\ — >■ 1Z, [g\ i->- 1. The ideal 
~| 72 [GJ s (s > 0) is 72-generated by elements of the form (1 — [ffij) ... (1 — [g s \)- 

Let V be an abelian group. A function / : G — > V gives rise to the homo- 
morphism +/: Z\G\ V, [g] H> f(g). We call / r-gentle if +/ 11 Z LGJ r+1 = 0, 
and gentle (or polynomial) if it is r-gentle for some r G N [9, Ch. V]. 

Let p be a prime. 

3.1. Lemma. Let U be a finite Z p -module of dimension m. Then ] Z p [U\ (p~ x ) m + l — 
0. □ 

3.2. Corollary. LetU andV be Z p -modules. IfU is finite, then every function 
f:U->Vis gentle. □ 

3.3. Lemma [4, Proposition 1.2]. Let U, V, and W be abelian groups, f : U — > 
V be an r-gentle function, and g: V — > W be an s-gentle one (r,s £ NJ. Then 
the function g o / : U — > W is r s-gentle. 

This follows from [9, Ch. V, Theorem 2.1]. □ 

A function f:U—>V between abelian groups induces the 72-homomorphism 
fo: TZ[U\ -+1Z[V\, [u\ H- L/( U )J. 

3.4. Corollary. Let U and V be abelian groups and f : U —> V be an r-gentle 
(r G N ) function. Then, for any s G N, the IZ-homomorphism fn maps the 
ideal ]KlU\ rs+1 to the ideal ]K[V \ s+1 . □ 

3.5. Lemma. Let L be a set. For each i G I, let Ui and Vi be abelian groups 
and fi \ Ui — > Vi be an r-gentle (r G N ) function. The the function 



iei iei iei 

is r-gentle. □ 

The following claims are used only in discussion of the examples of § 1, not 
in the proof of the main results. 

3.6. Lemma. Let G be a perfect group and V be an abelian group. Then any 
gentle function f ' : G — ^ V is constant. 

This follows from [9, Ch. Ill, Corollary 1.3]. □ 

3.7. Let U be an abelian group isomorphic to Z 2 , J: U — > U be an automor- 
phism of order 6, V be an abelian group, and f : U — > V be a gentle function. 
Suppose that the function Z x U V, (t,u) i-> /( J*u — u), is gentle. Then f is 
constant. 
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The proof is omitted. 



□ 



3.8. Lemma. Let U and V be abelian groups, f : U — > V be a gentle function, 
and u\, U2 G U be elements of coprime finite orders. Then f{u\ + u 2 ) — f(ui) — 
f(u 2 ) + /(0) =0. □ 

3.9. Lemma. Let U be a divisible torsion abelian group, and V be an abelian 
group. Then every gentle function f : U — > V is 1-gentle. □ 

3.10. Lemma. Let G and H be groups. Then the ideal ~| 7^. [G x H\ s (s > 1) is 

IZ-generated by elements of the form (1 — |ai_|) • ■ • (1 — [a s ^ q \ )(l — . . . (1 — 
[b q \ ), where 0^q^s,a t eGxl<ZGxH, and b t elxH<ZGxH. □ 

3.11. Lemma. A function F: Z — > Q is r-gentle (r G N) if and only if it is 
given by a polynomial of degree at most r. □ 

§ 4. Keys of a commutative square 

Let E be a commutative ring. Consider the diagram of simplicial i?-modules 
and _E-homomorphisms 



V 



U 



t' 







g' 




f 




a 




f" 







w 



t" 



V", 



where the square is commutative: fog 1 = f" o g". We call the quadruple 
{s',s",t',t") a key of this square if we have (s',s") o (-/',/") + (g',g") ° 
(t',t") — id in the diagram 



U: 



(-/'■/") 



(-»'.«") 



v e v" ■ 



(a',g") 



(t',t") 



■W. 



The pair (t',t") is called a half-key in this case. 
4.1. Lemma. Let 



V 



u 







g' 




f 




g 




f" 





w 



t" 



V" 



be a commutative square of simplicial E-modules and E -homomorphisms with a 
half-key, T be a simplicial crew, and k' : T — > V and k" : T — >• V" be simplicial 
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archisms such that f o k' = f" o k" . Consider the simplicial archism I 
t'ok' + t" o k" : T -> W. Then g' o I = k' and g" o I = k" . 




□ 

By a sector of a simplicial i?-homomorphism h: W — > W we mean a simpli- 
cial .E-homomorphism s: W — > W such that h o s = id. 

4.2. Lemma. Consider a commutative diagram of simplicial E-modules and 
E-homomorphisms 




Suppose that its rows are split exact and h has a sector. Then the left-hand 
square has a key. 

Proof. Let (k, I) and (k, I) (see the diagram below) be splittings: 

p o k = id, I o q = id, kop + qol = id, 

pofc = id, I o g = id, fcop + qo/ = id, 

and s be a sector: ft o s = id. Put r = q o s o I and fc = k + ro(kof — g ok). 
Then (0, fc, r) is a key. 




□ 

4.3. Lemma. Let L and M be simplicial crews, j : L — > M be an isotypical 
cofibration, and Q be a fibrant simplicial crew. Then Qi : Q M — > Q L is an 
isotypical fibration. □ 



G 



4.4. Lemma. Let Q and R be simplicial crews, c: Q —> R be a fibration, and 
N be a simplicial crew isotypic to a point. Then c N : Q N — > R N is an isotypical 
fibration. □ 

4.5. Lemma. Suppose that E is a field. Let V and W be simplicial E-modules 
and f ' : W — > V be an isotypical fibring simplicial E-homomorphism. Then f 
has a sector. □ 

4.6. Lemma. Suppose that E is a field. Let L and M be simplicial crews, 
j: L — > M be an isotypical cofibration, Q and R be simplicial E-modules, and 
c: Q — > R be a fibring simplicial E-homomorphism. Then the commutative 
square 

Q 3 




has a key. 

Proof. Consider the (strictly) cofibration sequence 



■ M ■ 



■N. 



Since j is isotypical, the simplicial crew TV is isotypic to a point. We have the 
following diagram of simplicial -E-modules and .E-homomorphisms: 




We show that the rows are split exact. Consider the upper row. Obviously, it is 
exact in the middle and the right-hand terms. Q is fibrant since it is a simplicial 
abelian group. By Lemma 4.3, is an isotypical fibration. By Lemma 4.5, Qi 
has a sector. Therefore, the upper row is split exact. The same is true for the 
lower row. By Lemma 4.4, c N is an isotypical fibration. By Lemma 4.5, c N has 



a sector. By Lemma 4.2, the desired key exists. 



□ 



§ 5. Quasisimplicial archisms 

A quasisimplicial archism f : K --■> L between simplicial crews K and L is a 
sequence of archisms f q : K q — > L q , q e N. Let sAv(K,L) denote the crew of 
quasisimplicial archisms and sAr(_fT, L) denote the subcrew of simplicial ones. 

A quasisimplicial archism /: U ---> V between simplicial abelian groups is 
r-gentle if the archisms f q : U q — > V q are r-gentle. 
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Let T be a simplicial crew. For m, g G N, let [m|g] be the set of non-strictly 
increasing functions [to] — > [g] (where [g] = {0, . . . , g}) and consider the archism 

T(m,q) = (T(h)) he[mlq] :T q ^T^. 

We call T m-soluble if, for any q, the archism T(m, g) is injective. 
Let p be a prime. 

5.1. Lemma. Lef T be a gradual simplicial crew, U be a gradual simplicial 
Zp-module, R be an m-soluble (m G N j simplicial Z p -module, d: T — > U be a 
cofibration, and k: T — > i? be a simplicial archism. Then, for some r G N, iftere 
exists an r -gentle quasisimplicial archism w: U —■* R such that w o d— k. 



U ■ 



R 



Proof. S ince dm ' T m — ^ Um is injective, there exists an archism v. Um — ^ Rm 
such that v o d m = k m . By Corollary 3.2, v is r-gentle for some r G N. Take 
g G N. We have the commutative diagram 



U„ 



U{m,q) 



TP 



T(m,q) 
•Id] 



An 



R(m,q) 



By Lemma 3.5, the archism 

v [m\q] ig 

r-gentle. Since the Z p -homoniorphisni 

i£(m, g) is injective, there exists a Z p -homomorphisrn / : 
/ o R(m, q) = id. Consider the r-gentle archism 



R q such that 



W q : U q - 



U(m,q) 



m\q} 



R 



m\q] 



Rq. 



Using the diagram, we get w q o d q 



kn 



□ 



5.2. Lemma. Let M be a simplicial crew, U and V be simplicial abeliam 
groups, and t: U --■> V be an r-gentle (r G N ) quasisimplicial archism. Then 
the archism t# : §Ar(M, U) — > §Ar(M, V), f i-> t o /, is r-gentle. 

Proof. This follows from Lemma 3.5 because of the commutative diagram 

*# 



§Ar(M, U) 



n u q 

g eN,feeM, x 



■ §Ar(M, V) 



n t g 

9 eN,fc£M x 



n y. 



<2> 



where M x = M 9 \ {basepoint}. 



□ 
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5.3. Lemma. Let M and T be simplicial crews, U and R be simplicial Z p - 
modules, d: T — >• U and k: T — > R be simplicial archisms, and w: U R be 
an r-gentle (r E N) quasisimplicial archism such that w o d = k. Then there 
exists an r-gentle quasisimplicial archism z : U M — » R M such that zod M = k M . 



U 



M 



-iM 



R 



A I 



Proof. Take q E N. We have the commutative diagram 



(U M ) g 



(d M ) q 



sAr(A«_ A M, U) ■ 



(T M ) 



w # 



(k M ) q 



(R 



■ §Ar(A^ A M, R), 



where the Z p -homomorphism i : (U M ) q = sAr(A^ A M, U) -> §Ar(A^ A M, U) 
is the inclusion and j is analogous. By Lemma 5.2, the archism w# is r-gentle. 
There is a Zp-homomorphism /: sAr(A^_ AM, R) — > (R M ) q such that foj — id. 
Consider the r-gentle archism 



z q : (U M ) q — U- sAr(A q + A M, U) §Ar(A«_ A M, i?) 

Using the diagram, we get z q o (d M ) q = (k M ) q . 



\R M ) q - 



□ 



§ 6. Harmonic coflbrations 

Let T be a simplicial crew and U be a simplicial abelian group. A cofibration 
d: T — V U is called r -harmonic (r e N) if, for any compact simplicial crews i 
and M and any isotypical cofibration j : L — > M, there exist a simplicial archism 
x: T L — > T M and an r-gentle quasisimplicial archism y: U L U M such that 
d M ox = y o d L and T J oi = id. 




A cofibration is harmonic if it is r-harmonic for some r G N. 

By the height of a O-connected space Y we mean the supremum of those 
q E N for which ir q (Y) ^ 1 (the supremum of the empty set is 0). 

6.1. Lemma. Let p be a prime and Y be a connected CW-complex of finite 
height with p-finite homotopy groups. Then there exist a gradual simplicial crew 
T with \T\ ~y, a gradual simplicial Z p -module U, and a harmonic cofibration 
d:T^U. 
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Proof. (Induction along the Postnikov decomposition of Y with fibres of the 
form fC(Zp,q).) Let n be the height of Y. If n = 0, then Y is contractible, 
we put T = U = and that is all. Otherwise, choose an order p element 
e e 7r„(y) fixed by the canonical action of 7Ti(Y). Its existence follows from 
the well-known congruence |Fixc JT| = \X\ (mod p) for an action of a p-finite 
group G on a finite set X (cf. the remark in [2, Ch. II, Example 5.2(iv)]). We 
attach cells to Y to get a map Y — > Y inducing isomorphisms on ir q , q =/= n, 
and an cpimorphism with the kernel generated by e on i n . The space Y is 
homotopy equivalent to the homotopy fibre of some map Y — > fC(Z p , n + 1) [6, 
Lemma 4.70]. 

We assume (as an induction hypothesis) that there are gradual simplicial 
crew T with \T\ ~ Y, gradual simplicial Z p -module U, and r-harmonic (r ^ 1) 
cofibration d: T — > ?7. 

Let i? be a gradual (n+l)-soluble simplicial Z p -module with \R\ ~ /C(Z p , n+ 
1), Q be a gradual simplicial Z p -module isotypic to a point, and c: Q — > i? be 
a fibring simplicial Z p -homomorphism (see [3]). There is a Cartesian square of 
simplicial crews and archisms 




where \T\ ~ Y. Put U — U x Q. Let Z p -homomorphisms a: U — > f7 and 
6: [/ — > Q be the projections. Let d: T — >• [/ be the simplicial archism given by 
the conditions ao d = do f and bo d — h. Obviously, d is a cofibration. 

By Lemma 5.1, for some s ^ 1 there is an s-gentle quasisimplicial archism 
w : U -~» R such that w o d — k. 

We show that (i is rs-harmonic. Take compact simplicial crews L and M and 
an isotypical cofibration j : L — >• M. We need a simplicial archism ir : T L — > T M 
and an rs-gentle quasisimplicial archism y: U L --■ » £7 M such that c? M o x = 
y o d L and o x = id. Since J is r-harmonic, there are a simplicial archism 
x: f L — > T M and an r-gentle quasisimplicial archism y: U L —■* U M such that 
d M ox~yod L and f 3 oi = id. 

We have the commutative square of simplicial Z p -modulcs and Z p -homomorphisms 
with a half-key 



R L 



t' 




Q 3 






c 


w 





-Q 


M 


c M 






) 


R 


M 



(the half- key exists by Lemma 4.6). We have the simplicial archism 



u = t' o h L + t" o k M o x o f L : T L -> Q 



M 
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Wc have c L o h L = k L o f L = k L oT^> oxo f L = W ok M oxo j L . Therefore, 
by Lemma 4.1, o u = h L and c M o u = k M o x o f L . 

Define the desired x by the conditions f M o x — x o f L and h M o x = u: 




This is possible because the square is Cartesian and the conditions are com- 
patible: k M o x o f L — c M o u. We have o x = id because f L o T- 7 o x = 
fi o f M o x = fi o x o / L = / L and h L o o x = Q j o h M o x = Q>_ ou = h L . 

By Lemma 5.3, there is an s-gentle quasisimplicial archism z: U M — » i? M 
such that z o J M = k M . We have the quasisimplicial archism 

v = t' ob L +t" ozoyoa L :U L Q M . 

By Lemma 3.3, it is rs-gentle. 

Define the desired y by the conditions a M oy = y oa L and b M o y = v: 



U 



M 



Q 



M 



tL 



U 1 



yoa 



L / 



u 



M 



This is possible because (a M ,b M ): U M ->• U M x Q M is an isomorphism. Ob- 
viously, y is rs-gentle. We have d M ox — y o d L because a M o d M o x = 
d M o f M ox = d M oxo f L =yod L of L =' yoa L od L = a M o y o d L and 
b M od M ox = h M ox = U = t'oh L + t"ok M oxof L = t'oh L +t"ozod M oxof L = 
t'oh L + t"ozoyod L of L = t'ob L od L + t"ozoyoa L od L = vod L = b M oyod L . 
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(The straight arrows of this diagram form a commutative subdiagram.) □ 
§ 7. Two filtrations of the module C (U K ) 

7.1. Lemma. Let Ui, be a finite collection of abelian groups. Put 

Uj = ®Ui, J CI, 

ieJ 

and U = Uj. Let pj : U — > Uj be the projections. Then for any r e N 

H ^{Pj)n^}Tl\U\ r+1 . 

JCI: \ J\^r 

in the TZ-algebra TZ[U\. 

Proof. Let sj : Uj — > U be the canonical embcddings. Put q.j = sjopj : U — > U . 
We assume |7| > r (otherwise, the assertion is trivial). For u e U, we have (cf. 
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[5, Lemma 5.5]) 

m - e (-i) r - |j| ( |/| r "i^r 1 )^(»)j= 

= E( E (-i) |MHJ| H^)J = 

JCI MCI-.MDJ, \M\>r 

= E (E(- 1 ) |mhj| l^)J) = 

MCI:\M\>r JCM 

= E n(L^}HJ-i)eM^J r+1 - 

MCI: |M|>riGM 

It follows that for w 6 TZ[U\ we have 

»- E (-v r - lJ i lIl ;% 1 )(<ij)iiM£]nur 1 - 

JCI:\.J\^r 

If 

w G P| kei(pj) n , 

JCI:\J\^r 

then, using that ker(pj)iz = ker(qj)-ji, we get w G ]7?-L^J r+1 - d 

For a simplicial abelian group V, the module Co(V) = TZ[Vo\ has the filtra- 
tion C ] S {V) =]K[V \ S , s G N. 

7.2. Corollary. Let K be a compact simplicial crew, E be a field, U be a sim- 
plicial E-module, and r G N be a number. Consider the IZ-homomorphism 

C (U K ) — > Hom (C»r),C t (;/ r )). 

Then kcr ^ p r CC ] r+1 (U K ). 

Proof. Take an clement B G ker£/i r . We show that B G C(j r+1 ([/ K ). 

There is n G N such that the simplicial crew K is generated by a finite 
collection of n-simpliccs: gi G i^ n , i £ I. We have the S-homomorphism 
ft-: (c^ K )o — > b i-> (b(gi))iei- It is injective. Therefore, there is an E 1 - 
homomorphism / : — > (£7 K )o such that f o h = id. It suffices to show 
that G "|ft|I#J r+1 - Indeed, then B = f n (h K (B)) G 1^L(C/ jR ")oJ = 

^ r+1 (C/^). 

For J C I, let -> £7^ be the projection. Take JU with |J| r. 

By Lemma 7.1, it suffices to verify that (pj)n(hn(B)) = 0. 

Choose a function t : J — ► {1, . . . , r} and a simplex fc = (ki,...,k r ) G K r n 
such that fc t (j) = gi, i G J. We have the _E-homomorphism {/* : — > [7^, the 
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7\L-homomorphisni (Ufyn'- C n (U r ) = TZ[U^\ — > TZ[U^\, and the commutative 
diagram 



hit 



(pj)-h 



Since ^fir(B) = 0, we get ( Pj ) n (h n (B)) = 0. 



□ 



§ 8. Simplicial approximation 

8.1. Lemma. Let K be a compact simplicial crew, W be a simplicial crew, 
and f: \K\ — > \ W\ be a map. Then there exist a compact simplicial crew L, an 
isotypy e: L — > K , and a simplicial archism g: L — > W such that f o |e| ~ \g\. 



See [8, Corollary 4. 



□ 



For simplicial crews L and T, the geometrical realization |?| : (T l )q —> |T|I L I 
induces an ^-homomorphism || ? || : H a {T L ) ->• ff (|T'|l i l). 

8.2. Lemma. Let K be a compact simplicial crew, T be a simplicial crew, 
and r G N be a number. Then, for any A G ker | T j/x r , there exist a compact 
simplicial crew L, an isotypy e: L — > K, and an element B G kery/x r such that 

H (\T\^)(f T \v(A)) = \\^(B)\\: 



Uom (C*(L r ),C*(T r )) 



Rom(C (\K\ r ),C (\T\ r )) 
Proof. We have 



\K\ 
|T|' 



■C (T L ) 

B 



A 

■C (\T\\ K \) 



i=l 



|T| l 



^ (|T|i L i) 

Ho(|T|l e l) 

■H (\T\W). 



where m G N, Vi G 7?., and aj G ITI'^L For x G \K\, define an equivalence 
(relation) c(x) on the set 7 = {1,. . . , m}: c(x) = { : aj(x) = <Xj(x) }. Put 
E = {c(x):xe\K\}. 

We call an equivalence on I neutral if 

5> = o 
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for all its classes J C I. We show that for any hi, . . . , h r G E the equivalence 
h = hi n . . . (~1 h r is neutral. For each s = 1, . . . , r, there is a point x s G |if | such 
that h s — c(x s ). Put x = (xi, . . . , x r ) G \K\ r . In Co(|T| r ), we have 

It follows that ft is neutral because 

a- (x) = aj(x) G ft 

for i, j G /. 

For each equivalence h on /, there is the corresponding simplicial subcrew 
V(h) C T m (the diagonal): 

V(h) q = {(ti,...,t m )G T™ : t< = tj for all (i, j) eh}. 

Put 

= (J y(ft) C T m . 

We have the maps a = (ai, . . . ,a m ): \K\ — > \T\ m and a = d^ 1 o a: \K\ — > 
\T m \, where d: \T m \ — > \T\ m is the canonical bijective map. For x G \K\, we 
have fi(x) G \V(c(x))\. Therefore ima C \W\. Using Lemma 8.1, we find a 
compact simplicial crew L, an isotypy e: L — > K, and a simplicial archism 
b = (bi, . . . , b m ) : L -> T rn such that imb C W and a o |e| - |6|. Put 

m 

B = 5>i|6iJ. 

i=l 

Wehavea;o|e| - Therefore H a (\T\^)( l *\v(A)) = \\^u(B)\\. We show that 
Kfj, r (B) = 0. For k = (ki, . . . , k r ) G K r q (q G N), we have 

m 

^r(B)([k\) = ^2<bl(k)l- 

Take s = 1, . . . , r. Since im& C W, there is h s G such that 6(fc s ) G l^(ft s ). 
Therefore, the function i n> &i(fc s ) is subordinate to (i. e. constant on the classes 
of) the equivalence h s . Since &[(fc) = (&j(fci), . . . , bi(k r )), the function i i-> &[(fc) 
is subordinate to the equivalence ft = hi fl . . . n h r . Since ft is neutral, we get 

f M r(B)(W)=0. □ 

§ 9. The inclusion ker y/i r C ker yi/ for large r 

9.1. Lemma. Let X , Y , X, andY be spaces. Suppose that X ~ X andY ~ Y\ 
TTien, /or any r G N, we ftaue 

ker C ker yi^ kcr^/v C ker^tA 
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Proof. There are homotopy euivalences k: X — > X and h: Y — > Y. We have 
the commutative diagram of 7?.-modulcs and 7\L-homomorphisms: 



x x v 
Rom(C (X r ), C (Y r )) — ^ C (Y X ) H (Y X ) 



C (h k ) 



X, 



Ho(h») 



Hom(C (l r ),C (r))^ C (Y X ) ^ * H (Y X ), 

where the vertical arrows are induced by k and h. Since H (h k ) is an isomor- 
phism, we get the implication =>. The implication 4= is analogous. □ 

Let p be a prime. Assume 1Z = Z p . 

9.2. Let X be a compact CW-complex and Y be a connected CW-complex of 
finite height with p-finite homotopy groups. Then, for any sufficiently large 
r € N, we have ker x \i r C ker x v in the diagram 

Hom(C pr),CoOn) ■<- — C (Y X ) ^ H (Y X ). 

Proof. By Lemma 6.1, for some s £ N, there are a gradual simplicial crew T 
with \T\ ~ Y, a gradual simplicial Z p -module £/, and an s-harmonic cofibration 
d: T — > [/. We have X ~ if | for some compact simplicial crew if. Obviously, 
(C/ K )o is a finite Z p -modulc. By Lemma 3.1, C~l t+1 {U K ) = for some i £ N. 
Take r > si. We show that ker '^j/i r C ker '^ji/ in the diagram 



|KT| ^ \k\ v 
Hom(C (l^| r )^o(|rr)) < ^ Co(|T|l^l) H {\T\\ K \). 



This will suffice by Lemma 9.1. 

Take an element A e ker 'iyj/U r . We show that A G ker 'lyjf- By Lemma 8.2, 
there are a compact simplicial crew L, an isotypy e: £ — > K, and an element 
B G ker^ r such that _ff (1^1 1 e l ) ('^j z^(vl)) = \\!fis(B)\\. Since |e| is a homotopy 

equivalence, ffo(|T|' e ') is an isomorphism. Therefore it suffices to show that 
T y {B) = 0. 

Let a simplicial crew M be the (reduced) cylinder of e. We have the homo- 
topy commutative diagram 
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where i and j are the canonical cofibrations. By the definition of a cylinder, i 
is an isotypy. Since e is an isotypy, j is an isotypy too. Since d is s-harmonic, 
there is the commutative diagram 



id 



M 



u 1 



u 



A I 



where x is a simplicial archism and y is an s-gentle quasisimplicial archism. We 
have the commutative diagram of Zp-homomorphisms: 



Kom (C*{L r ),C*(T r )) 



Homo(a(L r ),a(IT)) 



L 



L 

JJ^r 



B\ B2 

Co (T M ) ^2 



Co(d L ) 



. Co (u L ) ^H. c (u M ) c (u K ), 

B' B[ B' 2 



C (d A 



Co(T K ) 

C„(d K ) 



C {W) 



where the vertical arrows are induced by the cofibration d; B\ , . . . , B 2 are 
the images of B in the corresponding modules. Since ^/z r (£>) = 0, we have 
uVr(B') = 0. By Corollary 7.2, B' G C] r+1 (U L ). Since r ^ st and the archism 
y is s-gentle, we have, by Corollary 3.4, B[ G C ] t+1 (U M ). Since {U% is a 
homomorphism, B' 2 G C ] Q t+1 (U K ). We have c] t+1 (U K ) = 0. It follows that 
B' 2 = 0. Since d is a cofibration, C^(d K ) is injective. Therefore B 2 = 0. 
We have the commutative diagram of Z p -homomorphisms 



H (T L ) 



Ho(T e ) 




H (T K ) 



Since B 2 = 0, we get j.u(B) = 0. 



□ 



Consider the filtration of the complex C*(Y X ) formed by the kernels of the 



Z„-homomorphisms 



C q {Y x ) 



■C (Y 



A%/\X 



A q + /\X 



, qx , j ^ uv , . j ^Hom(C ((A« AXY),C (Y r )), 

where i q are the obvious isomorphisms. Does this filtration converge? 
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§ 10. Deducing Theorem 1.2 from claim 9.2 

10.1. Lemma. Let X , Y, X, and Y be spaces, k: X — > X and h: Y — > Y be 
maps, V be an abelian group, and f : [X, Y] — > V be an invariant. Consider the 
invariant /: [X,Y}^V, u^- f{[h] ouo [k]). Then Deg/ < Deg/. 

Proof. Take r € N. The maps k and h induce a homomorphism 

t: Hom(C (X r ),C (F r )) ^ Kom(C {X r ),C {Y r )). 

Wehavei(C (a r )) = C ((hoaok) r ), a e T x . Assume that Deg /< r. There is a 
homomorphism I : Rom(C {X r ), C {Y r )) ->■ V such that /([a]) = Z(C (a r )) for 
all a e F x . Consider the homomorphism Z = Zoi : Hom(Co(A >r ), C (Y r )) -> V. 
For6eT* we have /([a]) = /([/loaojfc]) = l(C ((hoaok) r )) = l(t(C (a r ))) = 
l(C (a r )). Therefore Deg / < r. □ 

Proof of Theorem 1.2. (1) Case ofY of finite height. It suffices to show that 
the "universal" invariant F: [X,Y] — > H (Y X ;Z P ), u i-> [u\, has finite degree. 
For r e N we have the commutative diagram 

X 

Uom z (C (X r ; Z), C (Y r ; Z)) C (T X ; Z) 

m' m 

Homz^Co^; Z p ), C (T r ; Z p )) C (r x ; Z p ) -X* H (Y X ; Z p ), 

where m and m' are the homomorphisms of reduction modulo p; the tilde over 
/j, in the upper row means "over Z" . By claim 9.2, we have ker y/x r C ker for 
sufficiently large r. Then there is a Z p -homomorphism t : Homz p (Co(^ r ; Z p ), Co(X r ; Z. 
^(y-^jZp) such that t o = *v. For a G we have F([a]) = (£zv o 
m)(\aj) = (tom'o^/i r )(LaJ) = (fom')(C (o r ;Z)). Therefore DegF r. 

(2) General case. There are a connected CW-complex V of finite height with 
p-finite homotopy groups and a (dim X + l)-connected map h: Y — > Y (Y is 
obtained from V by attaching cells of high dimensions) . The induced function 
h# : [X, Y] — > [X, Y] is bijective. Consider the invariant / = / o h^ 1 : [X, Y] — > 
Z p . By Lemma 10.1, Deg / Deg/. By (1), Deg / < oo. □ 

§ 11. Deducing Theorem 1.1 from Theorem 1.2 

11.1. Lemma [2, Ch. VI, Proposition 8.6]. Let X be a connected compact CW- 
complex, Y be a nilpotent connected CW-complex with finitely generated homo- 
topy groups, and Ui,U2 S [X, Y] be distinct classes. Then, for some prime p, 
there exist a connected CW-complex Y with p-finite homotopy groups and a map 
h:Y^Y such that [h] o m ^ [h] o u 2 in [X, Y] . □ 

Proof of Theorem 1.1. By Lemma 11.1, for some prime p there are a con- 
nected CW-complex Y with p-finite homotopy groups, and a map h: Y — >• Y 
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such that the classes U{ = [h] o m, i = 1, 2, are distinct. There is an invariant 
/: [X,Y] -> Z p such that /(«i) + f{u 2 ). By Theorem 1.2, Deg/ < oo. Con- 
sider the invariant / = / o : [X, Y] — > Z p . By Lemma 10.1, Deg / < oo. We 
have /(m) = /(tZi) ^ /(t*2) = /(«2)- □ 

§ 12. Properties of finite-degree invariants 

Put £ = {0, 1} C Z. For e = (ei, . . . , e n ) G £ n , put |e| = e x + . . . + e n . 

Cosider a wedge of spaces W = Ti V . . . V T n . Let inf : T k ^ W be the 
inclusions. For e G put = ra x V . . . Vm„ : -> W, where m k :T k ^ T k 
is: the identity if = 1, and the constant map otherwise. 

12.1. Lemma. Lei X and Y &e spaces, V be an abelian group, f : [X, Y] — > V 
fee an invariant of degree at most r £ N, W = Ti V . . . V oe a wedge of 
spaces, and k: X — > and /i : W ^ Y be maps. Then 

(-l) |e| /([ftoMfofc])=0. 

Proof. Consider the invariant /: [W, W] — > V, u i->- /([«] ° u ° [A;])- We show 
that 

(-l) |e| /([Mf])=0. 

By Lemma 10.1, Deg / ^ r, i. c. there is a homomorphism Z : Hom(Co(VF r ), Cq(W t )) — > 
V such that f([a\) = /(C (a r )) for all a G VF 14 " (hereafter, TZ = Z). Therefore it 
suffices to show that 

]T (-l)l e IC ((Mfn=0. 

Take a point w = (wi, . . . , u> r ) G VF r . There is s G {1, . . . , r + 1} such that 
{toi, . . . , uv} n T s C {bascpoint}. The point (M^) r (w) G VF r does not depend 
on the sth component of e. Since C ((M e w ) r )( [w\ ) = L(M e w ) r (u;)J , it follows 
that 

£ (-l)l e IC ((Mfn(M)=0. 

□ 

Maps S n — »■ Y. In this subsection, we use multiplicative notation for homo- 
topy groups. 

12.2. Lemma. Lei n ^ 1 6e a number, Y be a space, V be an abelian group, 
and f: 7r„(Y) V be an invariant of degree at most r G N. Then f is r -gentle. 

Proof. Take elements u\, . . . , n r+ i G 7r„(Y). We show that + /((1 — [ui\ ) . . . (1 — 
K+iJ)) =0. Put W = S n V . . . V S n (r + 1 summands). Let k: S n -> VF be 
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a map with [k] = [in 1 ] . . . [in r+1 ] in n n (W), and h: W — V Y be a map with 
[h o in!f ] = u s in iz n (Y). By Lemma 12.1, 

(-l) |e| /([^Mf ofc])=0. 

e€f+i 

This is what we need because [h o o fc] — . . . 1*^+1 in 7r„(y). □ 

We denote the Whitehead product by the sign *. 

12.3. Lemma. Let m,n^ 1 &e numbers, Y be a space, and f: Tr m +n-i(Y) — > 
V be an invariant of degree at most r G N. Then the function b: ir m (Y) x 
TT n (Y) — ► (u, u) i-> /(u * v), is r-gentle. 

Proof. Assume r > (otherwise, the claim is trivial). Take elements u\, . . . ,u p G 
Tr m (Y) and vi,...,v q G w n (Y), where p, q ^ and p+q = r+1. By Lemma 3.10, 
it suffices to show that +6((1 - • • ■ (1 - LVIX 1 - IAJ) ■ ■ • i 1 ~ = °> 

where u s = (u s , 1) £ 7r TO (Y) x 7r„(Y) and S = (l,v s ) G ir m (Y) x 7r n (Y). 
Put W = S m V ... V S rn V 5" V ... V S n (p times S"™ and q times 5"). Let 
k: S" 1 ^ 1 - 1 W be a map with [k] = ([inf ] . . . [in^]) * ([in^] . . . [in^]) 
in ir m +n-i(W) and h: W — > Y be a map with [h o in^] = u s in ir m (Y) for 
s = 1, . . . ,p and [h o in^ t ] = w t in 7r n (F) for i = 1, . . . , q. By Lemma 12.1, 

J2 (-l) |e| /([^oMf ofc])=0. 

This is what we need because [/i o o fc] = (w^ 1 . . . Up") * {v\ F+1 . . . v q r+1 ) in 
Km+n-i(Y) and, consequently, f([hoM^ ok]) — b^ 1 . . .u v v ,v\ F+1 . . .v q r+1 ) = 
6(uf ...u P p vl P+1 ...v e q r+1 ). ■ q 

Maps S'™ -1 X S n — > -^(Q)- In this subsection, we prove claims 1.5-1.7 and 
use the objects defined in the corresponding subsection of § 1. For u G tt p (Y) 
and v G 7T g (y), the class (u, v) G [S* p V S q , Y] is defined in the obvious way. 

Let x: S n V — > 5" x S 2n ~ x be the canonical embedding of a wedge 
in the product. Consider the map (pr 2 ,c): S n ~ 1 x S n — > S n x where 
pr 2 : S"- 1 x 5" ^ S n is the projection and c: S*™- 1 x S*™ -> S 2 ™- 1 is the map 
defined in § 1. There exists a (unique up to homotopy) map 6: 5 rl_1 x 5" — > 
S n V5 2 ™ -1 such that io6~ (pr 2 , c). For p, q G Z, we have the homotopy classes 

w(p, g) : xS»^ ^ > 5" V S 2 ^ 1 - * S n 

(wavy arrows present homotopy classes) and v(p,q) = [I] o v(p,q) G [S" 1-1 x 
5™,5q]. Obviously, v(0,g) = u(<?) and v(0,g) = w(g). We have v{p,q) = v(p,0) 
if p \ q (the proof is omitted) and v(p, q) = v(p, 0) if p ^ [1, Example 4.6]. 

Proof of 1.5. Take g G Z. Put VF = S" 1 V . . . V S n V S 2 "" 1 (r times S n ). Let 
d: 5" V S 2n - X Wbca map with [d] = ([inf ] + . . . + [in^], [in^J). Put 
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k = dob: S™- 1 x S n -+W. Let ft: W -> 5" be a map with [ft] = (i,...,i, qj). 
By Lemma 12.1, 

]T (-l)l e l/([ftoMf ofc])=0. 

Since [ft o o fc] = w(ei + . . . + e r , e r+ ig), we have 

^(-l)l e 'l 2(-l) e "/(«(|e'|,e"«))=0. 

e'e£ T ' e"G£ 

Assume r! | q. If e' 7^ (0, . . . , 0), the inner sum vanishes because then |e'| | q and, 
consequently, the class v(\e'\,e"q) does not depend on e". We get f(v(0, 0)) — 
/(«(0,g)) = 0,i.e./(u(«)) = /(«(0)). □ 

Proof of 1.6. Assume Deg/ < r G N. Take q e Z. As in the proof of 1.5, we 
get 

£(-l)l e 'l ^(-l) e "/(«(| e '|,e"9))=0. 

e'e£ r e"G£ 

If e' ^ (0, . . . , 0), the class v(\e'\,e"q) does not depend on e" . As in the proof 
of 1.5, we get f(u(q)) = /(«(0)). □ 

Proof of 1.7. Assume Deg.f ^ r 6 N. Consider the invariant /: Ti2n-i{S n ) — > 
Q, « i-> /(w o [c]). By Lemma 10.1, Deg/ < r. By Lemma 12.2, / is gen- 
tle. Consider the function F: Z — > Q, q i-> f(u(q)). We have F(q) = /(gj). 
Therefore f 1 is gentle, i. e., by Lemma 3.11, is given by a polynomial. By 1.5, 
F(q) = F(0) if r! | q. It follows that F is constant. □ 
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